In general the binding of ligand by any polyvalent molecule, large or small, may be expected to show cooperativity or anticooperativity; the intermediate cases (neither cooperative nor anticooperative) are relatively rare and mainly limited to some of the larger molecules where the sites are far apart. Here cooperativity is defined operationally in terms of the character of the binding curve or, what is actually more convenient, that of the corresponding Hill plot, whose slope at any point is denoted by n4. Wherever the curve is steeper than a simple titration curve, which is the binding curve characteristic of a one site molecule, the system is cooperative, with n > 1; in the opposite case (n < 1), the system is anticooperative. In the intermediate case, where the curve is the same as that for a one site molecule (n = 1 everywhere) the system is neutral. The most natural way of analysing the situation is in terms of the equilibrium constants and free energy changes attributable to the various stages of the liganding process, and this is the one which has been used in the past. There is, however, another approach which is worth exploring since it places the subject in a new light. This is based on considerations of probability-on the way in which the probability of the binding of ligand at one site is dependent on the presence or absence of ligand at other sites. The purpose of the present paper, which represents this approach, is to reinterpret cooperativity in terms of the departure of the probabilities of the various ligand binding events from the values they would 
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in which x is the ligand activity, K, is the overall equilibrium constant for the reaction M + jX = MX, and r is the number of ligand binding sites in the molecule (1, 2) . The total amount of ligand bound by the macromolecule is given by X = d ln P/dl n x [2] and the fractional amount is of course simply x = X/r. Thus P defines the shape the binding curve, and is, in turn, defined byit §.
Cooperativity, which we identify with the Hill parameter n, is determined by the relative values of the K's in Eq. 1 and hence by the following r -2 ratios K, K,...l J/J--()/(, r 1)~-pj (j = 2, . .. r). [3] When every pj = 1, P may be factored into (1 + kx)T and the system is neutral, behaving like a set of r independent molecules each with a binding constant k; n is everywhere equal to 1. When all the sites are independent, though possibly different, P is completely factorable into (1 + klx) (1 + k2x) ... (1 + kxT), every pj < 1 and n is everywhere <1; here the system is completely anticooperative. On the other hand when n is anywhere greater than, 1, P is not completely factorable and there must be positive interactions between some at least of the sites; here the system is partially cooperative. Let us now see how the situation looks in terms of probabilities. § When other ligands do come into play the binding polynomial becomes a power series in the activities of all of them, e.g., in the case of two ligands X and Y P = 1 + 2zKjXiYi.
The considerations developed here may be easily extended to include the more general situation.
II. PROBABILITIES
It will be seen from Eq. 1 that P is a function which defines the way in which the total amount of the polyvalent molecule is partitioned among the various forms M, MX, ... MX, which it assumes in the presence of ligand, and that the successive terms of P are proportional to the probabilities a of the existence of the corresponding forms. These probabilities are given by Let us now see how we can relate these probabilities, as well as the p's, to the probabilities of occupation of a single site. Consider first the neutral case where the r sites are all identical and independent. P is then given by P = (1 + kx)r and every pj = 1. In this special case the probability p of a site being occupied is the same in all the forms; so likewise is the probability q of its being vacant. Thus This corresponds to the jth term of the expansion of (p + q)T, as of course it should, and it follows from Eq. 4 that co = 1/P = qr Thus
In this simple case kx is given by the jth root of Kjx/(.), and is the same for all values of j. Thus p also is independent of j. In the general case p will not be independent of j; indeed it is precisely the dependence of p on j which gives rise to the cooperativity or anticooperativity of the system. To meet this situation we introduce a geometric mean kjx for each value of j defined by kjx (KjxJ/(j))1IJ = 1 pi1 occupied first with the result that pj < pj-i for all values of j, so that the X's are all less than unity. Under these conditions ¶ The binding process is often analysed not in terms of the overall constants introduced here but in terms of the constants for the successive stages of the reaction, e.g., K(j-1).j = Kj/Kj-1.
In terms of probabilities these are given by K(j-l,;, = (,ci /( lCjl) Proc. Nat. Acad. Sci. USA 71 (1974) every one of the critical ratios p1 is less than 1 values of j. An example is provided by the oxidation of quinone, a symmetric molecule in which the two oxidizable sites are close enough together so that there is an appreciable orbital overlap resulting in positive interaction. This case is typical of the two step oxidation of many organic compounds where the interactions are so strong as to lead to a value of n in the redox equation (which is the same as the Hill parameter n) close to 2.
These four cases represent extremes. It is of course possible to have mixed situations corresponding to various combinations of them. Thus, for example, unlikeness of the sites might be associated with such strong positive interactions that the system showed complete cooperativity, and under special conditions there might be such perfect compensation of the two effects that the system behaved neither cooperatively nor anticooperatively but neutrally.
IV. THE ALLOSTERIC CASE
Many large polyvalent molecules, including a variety of enzymes and respiratory proteins, show strong cooperativity of binding although the sites are so widely separated that it seems impossible that there should be any significant direct interaction between them like that realized in smaller molecules. A commonly accepted explanation of this paradoxical situation is to be found in the so-called allosteric model, in which it is assumed that the macromolecule exists in two or more distinct conformations which preserve their identity during the liganding process and in each of which it is admitted that the sites are sufficiently far apart to be independent (3, 4) . A further, and critical, assumption of the model is that the conformations are always in true chemical equilibrium with one another. Owing to differences in ligand affinity between the sites in the different conformations, the introduction of ligand into the system leads to a shift in the conformational equilibria such as to favor conformations with higher ligand affinities. The effect of this is to generate indirect positive interactions between the sites and thus to make the system cooperative.
It can be deduced (2) that the binding polynomial of an allosteric system is given by S P = vIP, + *vP8 = .vPi [16] where Pi is the binding polynomial of a macromolecule in conformation i and s is the number of conformations; the v's give the frequencies (mole fractions) of the various conformations in the absence of ligand, and since they sum to 1 where the bars denote simple arithmetic means. This is the same as the general expression for P given by Eq. 1, as of course it should be, and it can be reformulated in terms of probabilities exactly as described in Section II. The significant feature of the allosteric model is that owing to the ligand linked equilibria these probabilities are such that the macromolecule as a whole develops cooperativity, although in any one of its conformations it can only be anticooperative or at most neutral.
It is easy to see why in the special case of the M.W.C. model (3) , where the sites in each conformation are not only independent but also alike, the system is completely cooperative. For this case it follows from Eqs. 7 and 8 that coj = WP1J. Therefore by Eq. 5 each of the critical ratios becomes vlw111 + . . . vsw. = [vicoll 1 + . . . .SW81j-llj/j-1 [18] and this can be shown to be always greater than 1. Thus the system is completely cooperative in the absence of any direct site interactions. Of course in the more general case where the independent sites in each conformation are not identical, there will be a competition between the anticooperativity generated by the site heterogeneity and the cooperativity generated by the ligand linked equilibria. Either effect may carry the day.
CONCLUSIONS
The previous discussion brings out the full equivalence of the two ways of describing the binding of ligand by a polyvalent molecule, one in terms of free energies, the other in terms of probabilities. Both formulations are quite general and are independent of any particular model, as thermodynamic and probabilistic formulations usually are. Any binding curve can of course always be fitted by assigning any arbitrary set of r binding constants to the r sites and at the same time introducing r -1 interaction constants which represent free energies of site interactions, positive or negative. These constants multiply the K's and by a suitable choice may be made to bring them to any required values. As always, the resulting P may be expressed in terms of probabilities.
In any given case of anticooperativity the question arises whether the behavior can be explained exclusively in terms of independent sites without postulation of site interactions. The answer to this question depends on whether or not P is completely factorable-factorable, that is, in terms of real positive quantities. Complete factorability in this sense means that all r roots of the rth degree equation P = 0 are real and negative. (Any complex roots occur in pairs of complex conjugates and each such pair corresponds to a pair of positively interacting sites.) If the binding curve, and consequently the binding polynomial, could be determined with absolute precision and if the rth degree equation could be solved, we should therefore have the answer. Strictly speaking, neither condition can be met. However, although a general proof is lacking, we may infer that whenever n is at every point less than 1 the polynomial is completely factorable and hence that the system may be described in terms of a set of independent sites, in general all different, without postulation of any interactions Thus when n < 1 everywhere and the system is completely anticooperative there is, on the basis of binding data alone, no reason for choosing between an explanation in terms of a set of independent but heterogeneous sites and one in terms of negatively interacting sites. An example is provided by the binding of proton by a polybasic acid like a protein.
There is an analogous situation in the case of cooperativity; there also, there is no reason, on the basis of binding data alone, for choosing between a set of sites subject to direct positive interactions and a set of sites which interact only indirectly as a result of ligand linked conformational changes, as in the allosteric model. There may of course be other grounds for a decision. In the case of a small molecule like quinone, it 1 1 Another way of dealing with the question, valid in principle, would be to make use of the Sturm theorem to determine simply the number of real roots, but in practice this is no more feasible than solving the equation. It may be noted that although complete factorability of the binding polynomial (n < 1 everywhere) implies that pi < 1 for all j and hence that pi decreases monotonically with j, the converse is not true. For example let P be given by P = (1 + 2kix + 5lkjx')(1 + k2x).
By setting k1 = 1, k2 = 10, a = 1.9 we make p3 < 1 for all j although of course P is not completely factorable. However, it turns out that for this choice of constants, n > 1 in a certain range of saturations. To insure that n < 1 everywhere an additional condition beyond pi < 1 for all j is required. An 
